The aim of the paper is to present numerical results supporting the presence of conformal invariance in three dimensional statistical mechanics models at criticality and to elucidate the geometric aspects of universality. As a case study we study three dimensional percolation at criticality in bounded domains. Both on discrete and continuous models of critical percolation, we test by numerical experiments the invariance of quantities in finite domains under conformal transformations focusing on crossing probabilities. Our results show clear evidence of the onset of conformal invariance in finite realizations especially for the continuum percolation models. Finally we propose a simple analytical function approximating the crossing probability among two spherical caps on the surface of a sphere and confront it with the numerical results.
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I. INTRODUCTION
A major fact in the theory of critical phenomena is that the scale invariance exhibited by systems at criticality [1] when combined with a local action may give rise to invariance under the larger group of conformal transformation which locally acts as scale transformation [2] . Although being scale invariant and having a local action is not in general equivalent to being conformal invariant, since there are scale invariant local models which are not conformal invariant [3] and non-local models possessing conformal invariance [4] , it is widely believed to hold true for many models of physical interest.
The conformal group in d spatial dimensions (for d = 2) has a number of independent generators equal to 1 2 (d+1)(d+2). For the special case d = 2 the conformal group turns out to be infinitely dimensional [2] . This infinite dimensionality is indeed at the root of the success of conformal field theories in the study of two dimensional critical models. For higher dimensions the exploitation of conformal symmetry (if present) leads nonetheless to important simplifications in the study of critical models. Even though for a long lapse of time traditional techniques not explicitly incorporating conformal invariance were used for the study of critical phenomena (such as the -expansion [5] ), the last years witnessed the development in three dimensions of the so called conformal bootstrap program which, fully exploiting conformal invariance, has lead to high-precision nonperturbative predictions for anomalous scaling dimensions of the Ising model in three dimensions [6] and in fractional dimensions [7] . The role of conformal symmetry in the theory of critical phenomena can thus be hardly underestimated.
Dating back to the Polyakov's hypothesis of the conformal invariance of critical fluctuations [8] and to the derivation under broad conditions in d = 2 of (conformal) invariance under local changes of length scale from the (scale) invariance under rigid length scale changes [9] , a significant amount of work was by then devoted to show with mostly analytical different techniques the possible existence of conformal symmetry at criticality in higher dimensions and its relation with the scale invariance. It was soon pointed out that unitarity is a key ingredient, with supersymmetric models in d = 4 being an important example in which the conformal invariance was explicitly shown [10] . Always in d = 4 a proof of conformal invariance within perturbation theory has been recently discussed [11, 12] . In d = 3 we mention the recent proof (under some restrictions and assumptions) of conformal invariance for the Ising model using functional renormalization group techniques [13] .
For two dimensional systems, complementary to analytical tools and techniques, an important role in elucidating the geometric aspects of universality and in testing the emergence and consequences of conformal invariance has been played by numerical simulations: in d = 2 conformal symmetry has been extensively tested numerically (see e.g. the early numerical experiments in [14] and [15] ) by confronting numerics with theoretical predictions arising from conformal field theory. However, in other space dimensionlities these tests and numerical experiments are still lacking. The aim of this paper is to fill this gap by providing numerical evidence on selected three dimensional percolation problems.
We decided to choose percolation for several reasons: percolation is possibly the simplest model exhibiting a phase transition, see e.g. [16] . This simplicity has on one side allowed to mathematically prove many conjectured properties of percolation such as the existence of a transition in the thermodynamic limit [17] or, more recently, to prove rigorously [18] many results from CFT with help of of Stochastic Loewner Evolution (SLE) techniques [19] . On the other hand, with the aid of powerful algorithms [20, 21] , the numerical exploration of percolation problems is especially convenient. Finally, it is clear that percolation is an ideal system to test conformal invariance in bounded domains, as convincingly showed for d = 2 [15] , since in a natural way one computes quantities defined and crucially dependent on the form of the boundaries, as the probability of connecting two disconnected regions of the boundary of the system.
With these motivations, we numerically study the presence of conformal invariance for three dimensional percolation at criticality in bounded domains. We introduce and study both discrete and continuous models of critical percolation, we test by numerical experiments the invariance of quantities in finite domains under conformal transformations by computing crossing probabilities. We also put forward an approximate expression for the crossing among spherical caps on a sphere and check it against numerical experiments finding very good agreement. Our results show clear evidence of the onset of conformal invariance in finite realizations especially for the continuum percolation models.
II. PERCOLATION MODELS AND CONFORMAL INVARIANCE
In its simplest incarnation percolation consists of filling a randomly and independently with probability p the sites of a graph and checking for the existence of large clusters. As a testbeds for the verification of conformal invariance we will consider a classical problem in percolation theory: the existence of a cluster connecting two disjoint regions ω 1 and ω 2 of the boundary of a bounded domain Ω. The probability of the occurrence of this event is known (and under some assumptions mathematically proven [17] ) to tend, in the thermodynamic limit, to a nontrivial (i.e. different from 0 or 1) value π × if the occupation probability p is set to the critical probability p c . Before introducing the finite realizations considered in this work (this will be done in Section III) we explore in this Section the geometric consequences of conformal invariance by working in the thermodynamic limit. Due to universality these considerations do not depend on the specific model of percolation under scrutiny. In order to verify this model independence we will take two prototypical models of percolation: a discrete and a continuum one, i.e. site percolation and continuum percolation of penetrable spheres, with the notations introduced in this Section being applicable to both models.
The crossing probability has been the object of classical foundational papers [14, 15] for the application of conformal field theory in two dimensional critical systems. In the two dimensional case indeed full exploitation of the (infinite dimensional) conformal group has allowed to obtain the exact crossing probability for simply connected domains in the paper by Cardy [14] . In that setting the presence of boundaries gets translated, in the boundary CFT language, into the insertion of boundary creating operators located at the points at the extremes of the one dimensional boundary. Although many similar formulas in different and more complicated settings have been derived [22] , some details of the operator content in percolation in two dimensions, which turns out to be a logarithmic CFT, are still matter of investigation [23] .
In our three dimensional setting the domain Ω will be chosen as a simply connected closed domain and the two surface domains as intersection of the boundary ∂Ω and two closed domains Ω 1 and Ω 2 . Although the two domains Ω 1 and Ω 2 are not strictly needed to define of the regions ω 1 ω 2 they will come in handy to define unambiguously the finite lattice realization we will study numerically.
At criticality the crossing probability should take a value π × (Ω, Ω 1 , Ω 2 ) dependent on the three domains Ω, Ω 1 and Ω 2 . Please note that the actual value of π × (Ω, Ω 1 , Ω 2 ) does not on the percolation model we are studying. This expectation has been numerically validated in widely different models in the two dimensional models and in some selected three dimensional cases [24, 25] .
If we perform a conformal mapping C the three domains get mapped onto the three domains C(Ω), C(Ω 1 ) and C(Ω 2 ). The conformal invariance hypothesis implies that:
Note that in general conformal invariance would allow for dimensionful prefactors in front of (1) depending on the geometry and on the scaling dimension of the observable under consideration. The further requirement on the crossing probability to be, as expected, a finite number in the thermodynamic limit forces us to set them to one. In the two dimensional case, using the CFT language, the above statement can be expressed by saying that the boundary operators we insert to obtain the crossing probability are expected to have zero conformal weight. In three dimensions of course the interpretation of the boundary condition as insertion of boundary operators is lacking but the expectation of the crossing probability to have vanishing scaling dimension still holds. Another observation is in order the above statements on implication of conformal invariance crucially depend on the choice of the boundary conditions chosen. Indeed different boundary conditions can flow to [26, 27] renormalization group fixed points differing from the one encountered in the bulk systems. The boundary conditions we have chosen i.e. occupied for points in ω i and free for the remaining part of the boundary are expected, in analogy to what observed in two dimension, to the so called ordinary fixed point.
We recall that in three dimensional space the conformal group is 10-dimensional [2] and is generated by the following generators (acting on a three dimensional vector x):
where x µ denote the components of x. Indeed the special conformal transformations are most interesting ones and we will concentrate on them.
We will consider different starting geometries and then examine the problem obtained by applying compositions of the following conformal transformations:
where the vector v rules the magnitude and direction of the transformation. We will concentrate on the two transformations C x and C z having vectors v = ε{1, 0, 0} and v = ε{0, 0, 1} respectively and compositions of them. The parameter ε ruling the magnitude of the transformation (when ε = 0 transformation (2) reduces to the identity) will be set conventionally to 0.2. These transformations, which are finite exponentiations of the generators
e. combination of translations and special conformal transforms, have the property of mapping the unit sphere onto itself. In table I we write the transformation which will be considered together with the roman numeral used to denote it. We will examine the following percolation geometries: i) If we take the the domain Ω to be the unit sphere x 2 + y 2 + z 2 < 1 and the domains defining the boundary domains Ω i , i = 1, 2 to be spheres intersecting with Ω at right angles; thus the problem reduces to the calculation of crossing among two (disjoint) spherical caps on a sphere. The starting geometry (I in our numbering scheme I) is defined by two caps enclosed by parallels with azimuthal angles θ and π − θ as depicted in Figure 1 in panel a together with a geometry obtained by applying the conformal transformation VIII in table I.
By use of conformal transformations it is easy to see that the crossing probability will depend only on one anharmonic ratio α. α is easily evaluated by mapping the surface of the sphere by a stereographic projection onto the (extended) plane and having the caps ω 1 and ω 2 mapped onto two circles with center in the origin (z 1 ) and the point at infinity (z 4 ). Scale invariance allows us now to set the radius of ω 1 to a)
Geometries related by conformal transformations. The domain Ω is the sphere centered in the origin while the domains Ωi are the the ones intersecting Ω which have, when necessary, been trimmed to fit the image. The domains ωi are the the darker portions of Ω. Panel a refers to the cap geometry (i) with θ = 0.45π/2 and when it subject to transformation VIII in table I it is mapped onto the geometry shown in panel b. Please note that the sphere Ω2 gets mapped onto the exterior of a sphere under the action of the conformal transformation. Panel c is the octant geometry (ii) and when acted on with transformation V in table I it is mapped onto the geometry shown in panel d.
be one (z 2 ). The only free parameter left is the radius of ω 2 which we call z 3 . We define the α to be the anharmonic ratio
written with its relation to the angle θ. In this geometric setting conformal invariance implies that π × depends only on α.
ii) The second geometry we will consider is the crossing probability among two spherical triangles on the unit sphere. The domains Ω 1 and Ω 2 will be chosen as the octants x, y, z ≥ 0 and x, y, z ≤ 0 respectively. The starting geometry is depicted in panel c of figure 1. In panel d of figure 1 we show the octant geometry when transformed with transformation V of Table I.
III. PERCOLATION MODELS
In order to test the invariance of crossing probabilities we will consider two types of percolation models, a discrete and a continuum one. 00 00 00 11 11 11 000 000 111 111 00 00 00 11 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 00 The shaded circles in a represent occupied sites, while in b we depict the randomly occupied circles (spheres in our 3d model). The sites (in a) and circles (in b) with horizontal and vertical shadings (red and blue in color) represent cluster connected to the boundary domains ω1 and ω2 respectively. In both cases no cluster connecting ω1 and ω2 has been established.
A. Discrete model
Take a (simple) cubic lattice L of lattice constant λ i.e. L = λ(Z 3 + {1/2, 1/2, 1/2}). The shift by the vector {1/2, 1/2, 1/2} has been introduced in order to grant better scaling properties of our finite lattice realization. We have specialized to the site percolation problem. The sites will be filled with a probability p. Such a model has been one of the most widely studied among the percolation models in three spatial dimension. As known the percolation transition for p = p c where p c = 0.31160768(15) [28] . As for the realization of the geometries introduced in Section II are concerned in the present model a point will be considered inside the domain if it belongs to L ∩ Ω while the points belonging to ω i are the ones in L ∩ (Ω i \ Ω) having at least a nearest neighbor in the domain. In panel a of figure 2 a 2d representation of the above model.
B. Continuum model
The continuum percolation model we have considered is the percolation of penetrable spheres [29] namely we extract the centers of the spheres of radius ρ uniformly from the interior of Ω (Poisson point process). A sphere will belong to the ω i if the distance of its center c to Ω is less or equal than ρ and c is an element of Ω i . Please see panel b of figure 2 .
The existence of a percolating cluster depends on the so called filling factor η defined as the mean number of objects n times the ratio of the volume of the filling spheres to the total volume which in our case reads η = nρ 3 . The value η c for which the transition occurs is known from numerical experiments to be η c = 0.34189(2) [30] and η c = 0.341888(3) [31] which is to date the most precise estimate of the critical filling.
IV. NUMERICAL SIMULATIONS
The discrete percolation experiments have been carried out on a simple cubic lattice λ of decreasing lattice spacing, namely 1/λ = 8, 16, 32, 64, 128 in order to perform a scaling analysis. We have employed the Newman-Ziff [20, 21] algorithm to calculate the crossing probability. We have thus obtained the crossing probability π × (n) as the lattice is filled (incrementally) with n sites. From the above probabilities at fixed filling we can reconstruct the crossing probability π × (p) in terms of any occupation probability p via the following binomial convolution:
For the continuum percolation experiments we used spheres of radius ρ. We have considered the sizes of ρ to be1/ρ = 2 3 , 2 3.5 , 2 4 , . . . , 2 6.5 , 2 7 with centers extracted uniformly from the volume under consideration. In this case we resorted to the continuum version of the Newman-Ziff algorithm detailed in [29] . In this case the measurement of crossing probabilities with a given number n of spheres π × (n) allows to obtain the crossing probability for any filling factor η by a poissonian convolution:
The number of realizations used for our simulation consists of up to 10 7 samples allowing us to obtain the desired statistical uncertainties.
For the random number generation we resorted to the, well tested for percolation simulations [32, 33] , Mersenne twister MT19937 by Matsumoto and Nishimura [34] .
V. RESULTS

A. Site percolation
In figure 3 (left panel) we depict the crossing probability as a function of the inverse lattice spacing for the cap geometry for some of the values of θ considered and for the octant geometry. These have been obtained by setting the occupation probability p to the best known value p c = 0.31160768(15) [28] .
As we can see groups of curves corresponding to the geometries related by a conformal transformation converge to the same value as the lattice realization becomes finer. Among the various mapped geometries we observe that VIII and IX are the ones differing the most from the others. This is to be expected since they are subject to more severe deformation such that one of the caps becomes very small (cfr. panel b of Figure 1 referring to a geometry obtained by applying transformation VIII). When this happens even the finest simulated finite lattice realizations have stronger finite size effects.
In order to quantitatively assess the convergence to the same value in 3 (right panel) we plot the variance of π × for the nine geometries considered for different values of θ which decay to zero, signalling the presence of the conformal symmetry in the thermodynamic limit.
By extrapolating these finite size results to the thermodynamic limit allows us to obtain a numerical estimate of the crossing probabilities for any two spherical cap on the sphere. The crossing probability in terms of the anharmonic ratio α is depicted in 4. In this figure we also plot the functioñ
which appears to describe very well the values extrapolated in the thermodynamic limit. Indeed fitting the extrapolated values the function tanh a tan απ 2 with a free parameter gives a value of a = 0.989(6) very close to 1.
The function π × we have numerically estimated and for which we have given an analytic approximatioñ π × (α) is somewhat analogous to the Cardy's formula [14] although in the two dimensional case, due to Riemann mapping theorem, all of the crossing probabilities among two distinct segment on the boundary of a connected domain can be obtained by this formula. In the three dimensional case instead the knowledge of the function plotted in 4 allows us to calculate the crossing probability among two arbitrary spherical caps on the surface of a sphere.
B. Continuum percolation
In contrast to the discrete model the continuum one has the added benefit of having a continuously tunable parameter ρ. Moreover as we lower ρ the various crossing probabilities approach the thermo- 0.8
Crossing function for two spherical caps on a sphere in term of the anharmonic ratio α (defined in 3). The different curves refer to different system sizes, and to the extrapolation to the infinite size system. The dotted lines are just guide to the eyes. The continuous line refers to the functionπ(α) defined in Equation (6).
dynamic limit in a much smoother way. In 5 we plot the crossing probability as function of the filling fraction for decreasing filling sphere radii for θ = 0.75π/2 for the configuration I. These curves clearly develop a steep profile as we approach the thermodynamic limit as shown in panel a of Figure 5 . We can use them to obtain reliable estimates of the critical filling fraction. In fact, by defining a size dependent η c (ρ) (the so called cell-to-cell estimator [35] ) as the value for which the curves meet:
we can easily obtain an estimate for η c . This analysis, shown in panel b of Figure 5 , with the θ = 0.65π/2 cap geometry I leads us to estimate the critical η as η c = 0.341935 (8) . We have chosen the value θ = 0.65π/2 and the configuration I since, among the many geometries we have simulated, it represents "best" the thermodynamic limit for it has the domains ω 1 and ω 2 of the same size and the ratio of sum the total area of the patches ω i and the remaining surface is closest to 1. This estimate has to be compare with the ones available in literature [30] and [31] which provide values of η c = 0.34189(2) and η c = 0.341888(3) respectively. Those results were obtained with growth algorithms on large systems. In our simulation the lowest value of θ (θ = 0.45π/2) simulated cap geometry resembles somehow the study of percolating clusters connecting two sides of a cube since the ratio of patches area to open surface area is closest to 1/2. Performing the analysis on this configuration we obtain a value of η c = 0.34190(1) which is consistent with the above cited values, showing how the determination of η c sensibly depends on the geometry for the sizes we have examined. We will rely on our "best" determined estimate η c = 0.341935 (8) for the subsequent analysis but we anticipate that the final results will not be crucially affected by the choice of η c . The convergence to the same value for π × for geometries related by a conformal transformation can seen in the left panel of Figure 6 which is the continuum analogue of the left panel in Figure 3 . The curves for π × nicely converge to the thermodynamic limit, since the effects from discretization are not present; on the other hand finite size effects are stronger, for the range of ρ simulated, since their distance is in general bigger than the curves for the discrete systems. Once again we observe that configurations generated with VIII and IX transformations are more distant from the other curves confirming that, for the same value of ρ, they are more far from the thermodynamic limit.
The good behavior of the finite realizations allows to have an independent extrapolation for each configuration. This is shown in the right panel of Figure 6 where the extrapolated values of the crossing probabilities are shown for the set of conformal transformations examined together with the mean over the various configurations. This confirms the onset of conformal invariance even for a continuum percolation model For comparison we also report, in the left panel of figure 7 , the same analysis performed with the critical filling reported in [31] for the cap geometry with θ = 0.45π/2. As we can see in both cases the different transformed geometries give the same value within 1.5σ so they are consistent with each other. This proves that within our error, both values of η c give the same value for the crossing probability in domains related by a conformal mapping although the value of π × depends on the chosen η c . Similar findings are obtained for the other values of θ examined and for the octant geometry.
The function π(α) (6), introduced in the previous section, ruling the crossing probability among two caps in on the sphere, is depicted in the left panel of 7. As we can see the values are consistent, within errors, with the function obtained from the site percolation model. This provides an evidence of universality of π × in percolation. Moreover if we compare it with the analytic functionπ × 6 proposed in the previous section we find an excellent agreement with the data obtained setting η c to the value provided in [31] while if we choose our best estimate of η c we have a less faithful representation of the numerical data by 6. If we try to fit the above data with the more general function tanh a tan απ 2 indeed we obtain the estimates of a = 1.022(6) for η c = 0.341935 (our best value) and a = 1.005(5) for η c = 0.341888 (given in [31] ). . We also report the functionπ(α) defined in (6).
VI. CONCLUSIONS
By means of numerical experiments we have assessed the invariance under conformal transformation of selected both discrete and continuous percolation problems in three dimensions at criticality in bounded domains. We also proposed an analytical function approximating with very good accuracy the crossing probability among two arbitrary spherical caps on a sphere.
We hope that our work can stimulate from one side a study of percolation by conformal bootstrap techniques and from the other further investigation of symmetries of general percolation models. Future work in our opinion interesting will entail the analysis of bulk observables and the study of different statistical mechanics models such as O(N ) and Potts models.
Note added: During final stage of this work the authors noticed on arXiv a very recent and very interesting paper on the numerical investigation of Ising model on spherical domains with the help of the insight gained from the conformal bootstrap analysis of the model [36] for the finite size scaling analysis of correlators. The work [36] concentrates on observables lying in the bulk of a three dimensional Ising model. It would be interesting to extend the analysis of [36] to observables living on the boundary. For the percolation the corresponding analysis of operators living either in the bulk or in the boundary of the pertinent three dimensional boundary CFT has, to the best of our knowledge, not been derived.
